The reduced Burau representation is a natural action of the braid group B n on the first homology group H 1 (D n ; Z) of a suitable infinite cyclic covering spaceD n of the n-punctured disk D n (see [2] , [3] ). It is known that Burau representation is faithful for n ≤ 3 (see [1] , [2] ) and it is not faithful for n ≥ 5 (see [2] , [6], [7] ). In this paper, we use Bokut-Vesnin generators [4] and techniques developed in [3] , to analyze the problem for n = 4. We present a Conjecture implying faithfulness and a Lemma explaining the implication. We give some arguments suggesting why we expect the Conjecture to be true. Also, we give some geometrically calculated examples and information about data gathered using a C+ program.
Introduction
Let us recall the definition of the reduced Burau representation in terms of the first homology group H 1 (D 4 ; Z) of a suitable infinite cyclic covering spaceD 4 The braid group B 4 is the group of all equivalence classes of orientation preserving homeomorphisms ϕ : D 4 → D 4 which fix the boundary ∂D 4 pointwise, where equivalence relation is isotopy rel ∂D 4 . Let π 1 (D 4 ) be fundamental group of 4-puncture disk D 4 . Consider the map ε : π 1 (D 4 ) → t which sends a loop γ ∈ π 1 (D 4 ) to t [γ] , where [γ] is the winding number of γ about punctured points p 1 , p 2 , p 3 , p 4 . Let π :D 4 → D 4 be the infinite cyclic covering space corresponding to the kernel ker (ε) of the map ε : π 1 (D 4 ) → t . Letp 0 be any fixed basepoint which is lift of the basepoint p 0 . In this case H 1 (D 4 ; ; Z) is free Z t, t −1 -module of rank 3 [3] . Let It is known that Burau representation is faithful for n ≤ 3 [1] , [2] and it is not faithful for n ≥ 5 [2] , [6] , [7] . Therefore, the problem is open for n = 4. In this paper, we use Bokut-Vesnin generators [4] and technique developed in [3] , to prove the crucial lemma, which gives opportunity to decompose entries ρ 11 (a −n σ) and ρ 13 (a n σ) of the Burau matrix ρ(a n σ) as a sum of three uniquely determined polynomials and the formula to calculate ρ 13 (a n+m σ) and ρ(a n+m σ) polynomials using the given decomposition. Besides, we formulate the conjecture, which implies that if non-trivial braid σ has some property then there exists a sufficiently large l 0 with respect to number of letters in the word σ and sufficiently large m 0 such that for each m > m 0 and l > l 0 the different of lowest degrees of polynomials ρ 13 (a n+m σ) and ρ(a n+m σ) is −1. We will present arguments and experimental data showing why we expect the conjecture to be true. Also, we will consider several examples calculated geometrically. We will show that the conjecture implies faithfulness of Burau representation for n = 4.
Burau representation
As we mentioned we consider the reduced Burau representation as the homomorphism ρ :
On the other hand H 1 (D n ; ; Z) is free Z t, t The edge of F which contains p 0 is called the handle. The union of the other two edges is denoted by T (F ) and it is called tine of F . Orient T (F ) so that the handle of F lies to the right of T (F ) (see figure 2) [3] .
For a fork, let h : I → D 4 be the handle of F , viewed as a path in D 4 and take a lifth : I →D 4 of h so thath (0) =p 0 . LetT (F ) be the connected component of π −1 (T (F )) which contains the pointh (1) . In this case any element of H 1 D 4 ; ; Z can be viewed as a homology class ofT (F ) and it is denoted by F [3] . Standard fork F i , i = 1, 2, 3 is the fork whose tine edge is the straight arc connecting the ith and the (i+1)th punctured points and whose handle has the form as figure 3. It is know that if F 1 , F 2 and F 3 are corresponding homology class, then it forms the base of H 1 D 4 ; ; Z [3] . For this aim we need define noodles which represent relative homology classes in H 1 D 4 , ∂D 4 ; ; Z . A noodle is an embedded oriented arc in D 4 , which begins at the base point p 0 and ends at some point of the boundary ∂D 4 [3] . Therefore for each a ∈ H 1 D 4 ; ; Z and b ∈ H 1 D 4 , ∂D 4 ; ; Z we should take corresponding fork F and noodle N and define the polynomial F, N ∈ Z t, t −1 . It does not defend on the choice of representatives of homology classes and so
is defined correctly [3] . For this reason it is called noodle-fork paring. Note that geometrically it can be computed in the following way: Let F be a fork and N be a noodle, such that T (F ) intersects N transversely. Let z 1 , z 2 , . . . , z n be the intersection points. For each point z i let ε i be the sign of the intersection between T (F ) and N at z i and e i = [γ i ] be winding number of the loop γ i about the puncture points p 1 , p 2 , p 3 , p 4 , where γ i is the composition of three paths A, B and C:
1. A is a path from p 0 to z along the handle of F ;
2. B is a path from z to z i along the tine T (F );
3. C is a path from z i to p 0 along the noodle N .
In this case the noodle-fork pairing is given by [3] (2.1)
Let N 1 , N 2 and N 3 be the noodles given in figure 4 . these are called standard noodles. For each braid σ ∈ B 4 , corresponding Burau matrix ρ (σ) can be computed using noodle-fork pairing of standard noodles and standard forks. In particular the following is true.
Lemma 1.1 (see [5] ). Let σ ∈ B 4 . Then for 1 ≤ i, j ≤ n, the entry ρ i,j (σ) of its Burau matrix ρ (σ) is given by
Note that under convention adopted here we have
Bokut-Vesnin generators and kernel elements of Burau represemtations
Braid group B 4 and B 3 are defined by following standard presentations [1] :
Let ϕ : B 4 → B 3 be the homomorphism defined by
The kernel of ϕ is known to be free group F (a, b) of two generators
This was proved by L. Bokut and A. Vesnin [4] . We will refer to a and b as Bokut-Vesnin generators. The generators a and b are in fact much more similar than they look at the first glance. The figur 5 shows that a and b as homeomorphisms of the punctured disk with suitably arranged punctures to make the similarity more visible.
the following Proposition is crucial to our considerations. Proposition Kerρ 4 ⊂ Kerϕ Proof. Let make a slight detour into the realm of Temperley-Lieb algebra T L 3 and T L 4 . The Temperley-Lieb algebra T L n is defined as an algebra over Z[t, t −1 ]. it has n − 1 generators
, and the following relations:
Also, we need to use the Jones' representation θ : B n → T L n defined as sending σ i to A+A −1 U i i . It is known that for n = 3, 4 we have kerθ i = kerρ i and the following diagram is commutative:
On the other hand representation θ 3 is faithful and Therefore
The Proposition implies that all kernel elements of Burau representation may be written as words in Bokut-Vesnin generators a, b, a −1 , b −1 . Moreover, all possible nontrivial elements in the kernel may be written as nonempty nonreducible words in these generators. We will use this fact in next section.
We present for future use the image of a, b, a −1 and b −1 under the Burau representation:
Faithfulness Problem of Burau representation
Let us outline the strategy in general terms. Consider a braid σ that is a candidate for a non-trivial kernel element. Of course we can exclude from our considerations all those non-trivial braids for which we know for whatever reason that they do not belong to the kernel. Also, we can adjust the remaining candidates in some ways -like replacing σ with a suitably chosen conjugate of σ. For such a suitably chosen braid σ we need to give some argument which shows that ρ 11 (σ) and ρ 31 (σ) should be non-zero and that deg min (ρ 11 ) − deg min (ρ 31 ) = −1.
To simplify notation we will denote by S i (t ±1 ) the i th partial sum of the geometric series with initial term 1 and quotient −t or −t −1 (e.g.
Lemma 4.1. For each braid σ ∈ B 4 there exists n ∈ N , such that (1) the ρ 11 (a −n σ) and ρ 31 (a −n σ) entries of the Burau matrix ρ (a n σ) can be decomposed as a sum of three uniquely determined polynomials ρ 11 (a n σ) = P t, t
such that (2) for each m ∈ N we have
(3) Moreover, if σ is a pure braid, then the polynomial P is non-zero.
Proof. First of all let us observe that uniqueness of P, Q and R follows from properties (1) nad (2) and general algebra. This means that we only need to prove existence and property (3). While it is possible to give specific algebraic formulas for P, Q and R we prefer to prove existence using forks and noodles. We will always assume that the fork/noodle configuration considered is irreducible. Let σ ∈ B 4 be any braid. By Lemma 1.1 ρ 11 (a n σ) = F 1 a n σ, N 1 and ρ 31 (a n σ) = F 3 a n σ, N 1 . On the other hand −, − is a bilinear form, so F 1 a n σ, N 1 = F 1 a n , N 1 σ −1 and F 3 a n σ, N 1 = F 3 a n , N 1 σ −1 . It follows that ρ 11 (a n σ) = F 1 a n , N 1 σ −1 , ρ 11 (a n σ) = F 3 a n , N 1 σ −1 . We intend to define P and R by grouping some terms in the sum originally used to define the representation in terms of fork/noodle pairing. The pairing is defined as a certain sum (2.1) of terms corresponding to crossings between forks and noodles. We will choose some of the crossings to define P and some other to define R. In order to do this we will need some preparations.
Let us consider
Let T be the boundary of the square whose vertices are the puncture points. We denote the sides with T 1 , . . . , T 4 , where T i connects P i with the next crossing (clockwise). We would like to work with fork/noodle arrangement that has certain special properties. We need the pair (of a fork and a noodle) to be irreducible. We need the fork to be drawn in the standard way. We need noodle to intersect T transversally with minimum possible number of intersection points. And finally we need the fork to intersect all segments at which the noodle intersects T 4 and T 2 . While general position arguments show that we can take care of the first three conditions, there is no possibility of the fourth being satisfied without some further adjustments. Figure 7 shows an example. However it is automatically corrected if we increase the exponent n. The effect is just that we add a number of turns around two pairs of punctures. They do not affect the three properties already dealt with and with sufficient increase of n we obtain the fourth property. So we are interested with strings between puncture points which has transversal intersection with T (see figure  8 ). Note that it is possible to be no such string between p 2 and p 3 or p 3 and p 4 , but by our assumption (p 1 is in the first component) there is an odd number of strings between p 1 and p 2 and an odd number between p 1 and p 4 (this guaranties that P and Q are not zero).
The pictures of T (F 1 ) a n and T (F 3 ) a n is given in the figure 9. Therefore, they differ to each other by just one string and by the direction. Number of strings around of p 1 , p 4 and p 2 , p 3 is n for T (F 1 ) a n and n − 1 for T (F 3 ) a n .
If we take curves T (F 1 ) a and N 1 σ −1 in the same D 4 and assume that there intersection is transversally, then it is possible that T (F 1 ) a do not intersects all strings between p 1 and p 4 or p 2 and p 3 . For example see figure 7.
Figure 9:
In this case we must take more numbers of a's and finally we will obtain the curves T (F 1 ) a n and N 1 σ −1 such that we can find neighborhoods U 1 and U 2 of T 4 and T 2 respectively, with the following picture: In this case for figure 10 the polynomial corresponding of intersections inside of U 1 and U 2 can be written as P (t, t −1 )(1 − t −1 ) and R(t, t −1 )(1 − t) respectively. Let Q t, t −1 = ρ 11 (a n σ) − P t, t −1 1 − t −1 − R(t, t −1 )(1 − t), then we have ρ 11 (a n σ) = P t, t −1
On the other hand if we look the figure 10 and keep in mind that directions of T (F 1 ) a n and T (F 3 ) a n are different we can say that ρ 31 (a n σ) = −P t, t −1 − Q t, t −1 − R t, t −1 .
After that if we multiply the braid a n σ by a on the left side then we obtain the following picture (see figure 11): Therefore we will have ρ 11 a n+1 σ = P t, t −1
Note that the same argument it sufficient to complete the proof.
See the figure 12a Let m = 3 then we can see that
Example 2. Let σ = ba −2 b −1 , then for n = 2 we have
See the figure 12b Let m = 4 then we can see that
Example 3. Let σ = ab 2 ab −1 , then for n = 2 we have
See the figure 12c Let m = 2 then we can see that
Figure 12:
Conjecture 4.2. Let σ ∈ B 4 be any non-trivial pure braid which is not equivalent to ∆ m . We assume that σ acts non-trivially on T 4 . Then there exists a sufficiently large l 0 ∈ N with respect to number of letters in the word σ and a sufficiently large m 0 ∈ N such that for each m > m 0 , l ≥ l 0 the difference of lowest degrees of the polynomials ρ 11 (a m σa −l ) and ρ 31 (a m σa −l ) is equal to −1 and the polynomials are non-zero.
Now we give some arguments showing why we expect the Conjecture to be true. Take a sufficiently large l 0 ∈ N with respect to number of letters in the word σ. Consider the curves N 1 a l 0 and neighborhood U 1 of T 4 inside in which it looks like as in the picture (see figure 13 ):
Apply to the curve N 1 a l 0 the transformation corresponding to the braid σ −1 . Note that l 0 is a sufficiently large with respect to number of letters in the word σ −1 and so in the curve N 1 a l 0 σ −1 almost all parallel lines to line T 4 are followed to the curve T 4 σ −1 . On the other hand transformation corresponding to the braid σ −1 acts non-trivially to the line Because the curve N 1 a l 0 σ −1 do not has any problematic strings for n = 3 the the intersection of curves F 1 a 3 and N 1 a l 0 σ −1 inside the neighbourhoods U 1 and U 2 of T 4 and T 2 looks as in figure 11. So ρ 11 (a 3 σa −lo ) and ρ 31 (a 3 σa −l 0 ) entries of the Burau matrix ρ a n σa −l 0 can be written as
where polynomial P t, t −1 is not zero and for each m ′ ∈ N ρ 11 a 3+m ′ σa
On the other hand if we compare the curves N 1 a l 0 +1 and N 1 a l 0 (see figure 16 ) it is clear that different is just strings around T 4 .
Figure 16:
Moreover, if we consider intersections of curves N 1 a l 0 +1 and N 1 a l 0 with the strings between punctured points p 1 and p 4 as in the picture (see figure  17) , then corresponding polynomials up to sing ǫ and multiplications t α have the forms:
Figure 17:
Therefore their lowest degrees are equal. Note that, l 0 is sufficiently large with respect to letters in the word σ and so the picture of curves N 1 a l 0 +1 σ −1 and N 1 a l 0 σ −1 'globally' are same, that means that in some 'local' pictures there are just different numbers of strings. Now we must look the pictures N 1 a l 0 +1 σ −1 and N 1 a l 0 σ −1 inside a neighborhood of T as it was done in the previous proof (see figure 8) . Note that by the arguments in the proof of Lemma 4.1 and same 'global' picture of the curves N 1 a l 0 +1 σ −1 and N 1 a l 0 σ −1 we have
and for each m ′ ∈ N ρ 11 a 3+m ′ σa
Take a large m 0 = 3 + m ′ such that difference of lowest degrees of polynomials ρ 11 a m 0 σa −l 0 and ρ 31 a m 0 σa −l 0 is equal to −1 and these lowest degree comes from lowest degree of the polynomial P (t, t −1 ). by (*) and (**) the polynomials P t, t −1 and P ′ t, t −1 , Q t, t −1 and Q ′ t, t −1 and also R t, t −1 and R ′ t, t −1 have the same lowest degrees and so same regularity will be true for the polynomials ρ 11 a m σba −l 0 −1 and ρ 31 a m σa −l 0 −1 . By the induction it will be true for the braid a m σa −l , l > l 0 as well.
Example 4. Let σ = b 6 a b −1 a −1 b −6 a −6 . Our aim is to find n which satisfies conditions of Lemma 4.1 and calculate corresponding polynomials P , Q and R. Then we will take any l > 6 (In our case we consider l = 9) and will show that lowest degree of corresponding polynomials do not change. For the given braid it is difficult to see the picture and write down the polynomials P , Q and R. Therefore we will use following way: If n (in our case = 2) is number as in Lemma 4.1 then we have
In this way we can see that for the braid σ = a 2 b 6 ab −1 a −1 b −6 a −6 we have
Similarly, for the braid σ ′ = a 2 b 6 ab −1 a −1 b −6 a −9 we obtain Therefore lowest degree of polynomials P t, t −1 and P ′ t, t −1 (same situation is with the polynomials Q t, t −1 and Q ′ t, t −1 or R t, t −1 and R ′ t, t −1 ) are equal. Proof. Let us consider a nontrivial braid σ ∈ B 4 written as a non-reducible word in Bokut-Vesnin generators. We may assume that it begins and ends with a or a −1 (otherwise we will conjugate by a suitable power of a). Let σ act non-trivially on T 4 , then by Lemma 4.2 it is possible to find sufficiently large l 0 with respect to letters in the word σ and sufficiently large m 0 , such that for each m > m 0 and l > l 0 the difference of lowest degrees of the polynomials ρ 11 (a m σa −l ) and ρ 31 (a m σa −l ) is equal to −1 and the polynomials are both non-zero. In particular, we can assume that m = l and so ρ 11 (a m σa −m ) and and ρ 31 (a m σa −m ) are both non-zero which contradicts the assumption that a m σa −m ∈ ker ρ.
The general case (if the action of σ on T 4 is, possibly, trivial) is easily reduced to the one discussed above. The reason is that if σ acts trivially on all four segments, then σ is a power of ∆ which is not possible if σ is a product of Bokut-Vesnin generators. And if σ acts non-trivially on at teast one of the four segmants, then we can rotate the whole disk to make the action non-trivail for T 4 .
Remark:
We have a C+ program checking whether our regularity works or not for randomly generated examples. We calculated millions of examples and the regularity was always confirmed. In fact we considered examples of type a 3 b 3 wb −3 a −3 , where w is a formally irreducible word in BokutVesnin generators. Such a version of Proposition is sufficient for the Burau representation faithfulness problem.
